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In-Class Test Rules

A. The Honor Code is an undertaking of the students, individually and
collectively:

1. that they will not give or receive aid in examinations; that they will not give
or receive unpermitted aid in class work, in the preparation of reports, or in
any other work that is to be used by the instructor as the basis of grading;

2. that they will do their share and take an active part in seeing to it that
others as well as themselves uphold the spirit and letter of the Honor Code.
B. The faculty on its part manifests its confidence in the honor of its students
by refraining from proctoring examinations and from taking unusual and
unreasonable precautions to prevent the forms of dishonesty mentioned
above. The faculty will also avoid, as far as practicable, academic procedures
that create temptations to violate the Honor Code.

C. While the faculty alone has the right and obligation to set academic
requirements, the students and faculty will work together to establish optimal
conditions for honorable academic work.

| acknowledge and accept the Honor Code.

Signed
Dated




Boundary Conditions

« Absorbing bc
» Radiation bc

» Periodic bc

« Conducting bc
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ABC vs PEC

TF/SF Space with Scatterer, Real Scenario
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One-Way Wave Equations
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First-Order Mur Boundary Condition
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First-Order Mur Boundary Condition
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2D Wave Equations
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Radiation Operator
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Radiation Operator
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First-Order Mur Boundary Condition
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Radiation Operator
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2nd-Order Mur Boundary Condition in 2D

BRLER mm=1 Ax —v.Arl n+l n—1 2Ax ~|n L
%z = — dgz - ' LP c“;z E(_?Jz + ! %z ‘I'%z
1,j 2.j  Ax +v,Af 2,j 1,/ Ax + v, At 1,j 2,j
Ax(v.. Af 2 ~|n o n ) n L
(v, A7) €, —2¢,| +¢, +€,
2(Ap )} (Ax + v, A) 1,j+1 W, 1,j—1 2,j+1
) R ) R
- 2(62 +%z ]
2,j 2,j—1
~|n+l - m=1 Ax —v.Ar | n+l n—1 2AX o |n ~|n
%z = _ué'z - P %z %z + EGJQJ;{ +(£z
i1 i2  Ax +v,At i2 il Ax +v,Atl il i2
Ax(v. At 2 ] n ) n o n ) n
(wp A7) €, —2¢,| +€. + €,
2(Ay)*(Ax + v, At) i+1,1 il i—1,1 i+1.2
) H ) Hn
- 2%;2 -I_%;z :|
i2 i—1,2

17



-
| | _||||
— = _ _ _||||
_ o | _ -
| | - | _ _ .
| | | i | _ _IIII
|_|||_ | | _ =l = _ _ _III_I
| -+ - — | | | - _ _ _IIII H
= 1 1 it nid \ | | o _ _ .ﬂ<
= I I I R _ L _ .h
M |_|||_ | | |_|||_ | | - ===
| JIII_ | | - == | | I - -
= | | ._|||_ | _ o _ _
<b] _ | 1 1|||_ | _ |7||_ x
r _||||_ | | _||||_ 1 | —-- == <]
o I _|||_| _ _ _|||_ _ _ :
[ I I _|||F | _ 4|||_ _
. I I _||L| _ _ N
n _III_I | | _|||_ | | —
@) | | - _ _ _|||h _ _ T -
Q I I I T | | _|||r
ﬁ% - I I I i _ _ .
) I e _ | | B _ _
I I T I I I ——4- I T -
I I I T _ _ _ i
I_III_ | _ i | | | -
I 4|||_ | | o _ _ | |
I I ﬂ|||_ _ | 1 _ _ .
. i I I 1||L | | |T||_
1_ _|||u | _ _|||_ I I [
_ _|||h | | J|||_ I I --
| | [ _ | 4|||_ _
< ! I _ | _ 1||u
I ! _ | _ _ -
I ! B _ _ -
.-V_ _|||_| _ .
. _ _||L
— < _ _ |-
+ — ) | _ _
I _ _
= .nT ..J _ _
.||_|. n v .|_. o |
. (o] -
= = © fv |
m dn )
E = —
= &
R
_ , o kr :
A _ __ —— , , _ B .
_ T | _ ————-
I | T _ | »
I [ | o , | L
|_||I, | | - === , , _|||,|
I R [ I | T , _ |
I | -t == : | | 0 _ ,
— _l | | |7||, | , i ,
Wll, , | I | [ I - ==
= | Jlll, I | |4|||, _ |
ma E o0 . .
. — I I I ﬂlll, , | |7||, X
- I R | I Tll, , _ L
e _ ,|||h | | Jlll, | | ||MA
= I | ,|||r , | 4|||_ Au
@] - | | _||L , | »
AF. _IILI , | ,Illl, | | -
Aa 175) I ,llkl _ , ,|||P _ , -
— = I | | L , | ,|||_| .
[ - | | I - , | N
i , | N | i ﬁ
I | |+||_ | [ -4 I , .
I [ | |T||, | | N
I_III, | _ o | | | - -k -
I 4|||, I | T , | |
h I | —— I | , o _ , B
AD _ I | |7||, | | |T||,
V, _|||p , _ J|||, | | —=——
_ ,|||r | | 4|||, I | H{-
e | | ,III_ ﬁ,u , - | ,
.A | | | o | , I_IIII,
| | | | m | | -

M , ! ! } ,||||, | | [
l,, | , ,III_ , ._
=, :

| , , _ .
< U _ .
, , _ , - ™
~ | | |
_ |
- , —_—
(] -

18



Trefethen & Halpern
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3'd.Qrder Mur
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Higher-Order Mur Boundaries
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Fourier Mode Test
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Reflection Coef w/ Dispersionless Assumption
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Reflection Coef w/ Dispersionless Assumption
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3D Boundaries
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2"d.Qrder Mur in 3D
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2D Cylindrical Wave Equation

1 9°¢€.
v, 0t
%€, 10¢. 1 9°¢¢. 1 3¢ _ 0

0r? +r or +ﬁ d¢? _Ufj 0’

= %Z,m(vpt — I, ¢) %Z,l(vpt — 7, Qb) %Z,Z(Upt -7, Q‘b)
%Z(Va 9'5, t) — Z rm_l/2 — r1/2 T 7’3/2

m=1

27



Sommerfeld Radiation Condition
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Approximate One-Way Wave Equation
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Bayliss-Turkel Operators
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2"d.QOrder Bayliss-Turkel Radiation Operator
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Higdon Operators

M
E(x,y,t)= Z [fm(vpr + x €086, + ysinb,) + gu(v,t + x cosb, — ysiné)m)]

m=I1

where —m/2 <6, <m/2, and f(-) and g(-) are arbitrary functions.
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for the numerical space boundary at x = 0.
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Reflection Coef
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- cos6, + cosb

m=I1
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Higdon Operators for M=1& M =2
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Higdon Operators for M = 2
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Higdon Operators
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PML
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Radiation vs Absorbing Boundary Conditions

Outer PEC boundary
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Planewave Reflection at Media Interface
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Uniform Plane Wave Incident on General Lossy Media

Hi(x J/') — iHoe_jkl(x cos 6;+y sin6;)

Ei(x,y) =

—X

kl sin Qi

wEe
\HH

kly/(a)Gl)

+y

ki cos6;

e

N’ ]
klx/((x)él)

Hoe_jkl(x cos B4y sin ;)
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Phasor Representation of a Time-Harmonic Field

%i(x, v, t) = Re {Hi(x, V) ejwr}
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Impedance

The wave impedance is given by
B, (@)
Hy ()

where E; (z) is the electric field and H, (x) is the magnetic field, in phasor representation. The

impedance is, in general, a complex number.

In terms of the parameters of an electromagnetic wave and the medium it travels through, the wave
impedance is given by

where pis the magnetic permeability, is the (real) electric permittivity and cis the electrical conductivity
of the material the wave is travelling through (corresponding to the imaginary component of the
permittivity multiplied by omega). In the equation, /is the imaginary unit, and w s the angular frequency
of the wave. Just as for electrical impedance, the impedance is a function of frequency. In the case of an
ideal dielectric (where the conductivity is zero), the equation reduces to the real number

Z=,]—.
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Region 1

[H:(0, y)|

I’ :
IH;(0, )

Hr — 7T Hoe—jkl(—x COs B+ sinb;)
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. ki
(14 Tei?e) 45—

;{ | v

E;(x, y) = |—X (l — Fe-’;zk‘”) H, e_j(klx»’c+kl)’,lf)
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Region 2

VXE=—jouH—o,H=—jou (1+ Im )H
ﬁ;erﬁ

VxHz= joc E4+0E= joe (1+_L)E

Jjwe
€eff
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[ H(0, y)|
| Hi(0, y)]

HO PJ- e_j(kz.\'-\‘+k2}'.""')
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Some Algebra...

o o}
k%.r + k%v = k% = wzéeffﬂeff — (1)262[,1,2 (1 + - ) (1 + - - ) .
' J e J @M

(1 +T] Hye /MY = T Hy e/l

kz_p = k]_p = kl sSIn 91

o Om
kgx = \/C{)ZEZH,Z (1 + - ) (1 + - ) — k%.
Jwe Jopa |
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Reflection & Transmission Coefficients

klx k2x
O N1 COSEh —mcosty  we;  well+0/(jwer)]
- N1 cos 6; + 1o cos & Ky Koy

ver ol +o/Goe)]

2k

o __ _ WE |
J =141 = 2R L s
we;p  we [l +o/(jwer)]
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Normal Incidence

= n2
N+ n2

where

ki M1 . Heff M2 [1 + O'm/(ijuZ)]
m= =SB gy = e Jor,
W] € €off e[l +o/(jwer)]
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Impedance Match

€ =€ and u; = U2

—_ or Um:_zon]
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Region 2 (Bérenger Medium)

™
) agix +0,¢, = ajﬁz
62% +0,¢, = — ajfz

%z — %zx + %zy

TE
U2 3jf.r + om, I, = — 88%
Hzaa—?f’v + o I, = aa(iz
€ a‘;%;x + 0, €., = aji -
€ 8;82} +0,¢€,, = —aji -
€, =6z + €y
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Wave Equation

5 Il o0 1 0
—@ €ty = S X S_ dx (H“ + Hn)
1 9 1 0
—w" L€, H;, — (HZ-\‘ + H”)

H, = T Hye /VSSmx kaex—=] /55my kay ¥
i

2 2 2 2
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Reflection & Transmission Coefficients

we| (e Sy
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k lx ka Sm.x
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Impedance Match
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Bérenger Split-Field PML in 3D

€ 3(;%;1 +0,E,, = - Bzﬁt\._v
€ afsz +0,€,. = _8%' T Bif:z
€ 8?:2 +0.€,. = ;_Z (9 +9:) o 8?)6;2
6 0€ )y + 0, €y = _% (%z,\- n %Z}}) " A,y
€ af:-" + 0,€. = % (F,r + 9C,2) " 8§izx
€ 8;8; +0,€;, = —887 (Hyy + Frz) o aziz.v

+ O'm,z%yz —

+ Om,x %L’x —

+ Om.x %zx -

0 J . _
~ (%zx + %z__v) A2 — + O'm,__-.; %.\’y - = a_V (%zx + %z._v)

Jd . :
+ O’m,zgiﬁxz — g (%LY + %yz)

Jd . :
_5 (%.\‘._v + %,\‘z)

J . _
a (%z.‘c + %zy)

0

Iy (%L‘( + %12)

a _
+ Om,y %zy = a_V (%\’1 + %xz) .
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Basic Principles of PML

» Must provide zero reflection at the interface
« Must absorb the incident wave as it propagates into the
PML

d
R(Q) _ e—chosé‘fO crx(x)dx.
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PML Grading (Polynomial)

X\ Mm
oy (X) = (E) Ox,max

Ke(x)=1+4+ (K-’f,max 1. (g)m

R(Q) o e_zngx.madeOSQ/’{;n+])

(m + 1)In[R(0)]
2nd

G-Y Jmnax ——
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PML Grading (Geometric)

on(¥) = (¢%) ov

x (X) = [(K.-‘f,n]ax)l/dgl/&]’f '

R(0) = e~ 21os0g"/E=T)eost/Ing

[n[R(0)]Ing
2nA (gd/A — 1) :

Oy 0= —
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y(m)

Sllce 1n v, with PML

€ -(V/m)

/\/\/\ /\/\p(A

l Shce in x, no PML

/7

2

€.(V/m)
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Incident Wave

Planes of

/ constant amplitude
/ Region 2

(&2 :L:‘Z, g, Om)

Region\l\“ -~
(Erpu,o=0) ~~_

~

~

. /?tz_ﬂl

Planes of

Coe / constant phase

Phase
fronts

klz

ﬁ_ . iklx + j}kl_y + iklz
NG R

~ _.kx-‘k"'!kz- :l’\(‘-: i
H; = Hi,xy + ZH,z =Hpe J(kiex -ty y+hizz) 1,Xy + ki
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Permittivity & Permeability Tensor

Planes of

/ constant amplitude
/ Region 2

(& i, 0, On)

~
~I
-
| ~
- |
N
-~ |
-~
| =
s -
= | ~_
-~
~ I 1 -
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>l | =
I |~ = |
T dp=12
! | U 2 1
I I | RS
=
| I ~

- . §
| ""..‘\| \
bl O O . | AR \_ Planes of
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= S~ : AP constant phase
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Wave Equation

kyky x Ey = w 12 Ha

Rzkz X H2 = —Cz)gz E2

Rzkg X {(Ez)_l ﬁzkg] X H2 + w‘zﬁzHZ =0

—1

—1
bl (1)2[1262 — k%,(,az kzxkzyaz 0 H\
kgxkz_};az_l b wzj,LgEz — ki.az_l 0 H‘/‘ =0
0 0 b2 (1)2],1,262 — ki.a;l — k%val_l [{z
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Dispersion Relation

by w?jy€; — k3 a5 kovkayay 0 H,
kgxkg__._;az_l bg (1)2/,&262 k%,{ = 0 H,{.- =0
0 0 bz (1)2[,L2€2 k%,{az — k%l ! I{z

'l
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Fields

H(x.y) =2 [1+Te/*"] H eI (buxthyy)

kl}: (1 _|_ rej2k1“—.‘f) _|_ 5‘7 kl’f (1 o rejzkh‘f) H() e_j(k]x-r+k1):,1")

we| we|

El(xay): _i

Ho(x, v) = 2T Hy e/ (karthor)

HyJ e_-i(kllx-’f-l-kzy__v)

EZ(xa ,,V) — _i
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Reflection & Transmission Coefficients

(1+1) H(](:"_-‘fkb’y = gH{)(:’_szy,v

we| werdn
1x k2x
klxézaz — kaGI
— I'=
kiy€xar + ko€
g 2kirexar

kiy€rar + ko€
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Zero Reflection at Interface

— 2 -1
ka — \/(1)262,&2 k) bz — kl_val ar.

aw = \JR2 B2 — (ki P 02 = bR — (k) P = bk,
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Permittivity & Permeability Tensor

s 0 07 50 07
é&=¢€¢ | 0 s, O and fr=mpu | 0 s, 0
0 0 sy 0 0 sy
Oy Oy
sy =14+ — — kox = (1 — ] ) kix = kix — j oxm cos ;.
Jwe e
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3D

€]

o o
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UPML vs Bérenger Split-Field PML

H, =z H, e Ik xtjkyy — 5 Hoe—fklx-‘f—l—jkl_p YV o= 0xX11 cosb;

E; = (—X 1y sin6; + § iy cos;) Hy e /hs vtk gowmeost,

HZ — HO e_ijkl,\‘x_ijly V — Hoe—jklxx—jkl}; y e—o'xxnl COS@j

Ex — —Honl Sin 91 e_.jklx x__jkly vy e—O'xxn] COSQi

f
|

— Hyny cosb e_jk“‘ x—jkiyy o O X cos b
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Bérenger Split-Field PML as Simple UPML

1 + — 0 0
ACS!
- oy
€ = € 0 1 + — 0 :
J e -
0 0 1+ —
L Jwe
_1_|_ Om,x 0 0 7]
Jor
| 0 1eEL
JwL] oo
0 0 1_|_ .1'1'1,4
| Jwjiy
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Maxwell’s Equations in the UPML Medium

™I
-2
1
M
L

=i
I~

|
=
Y

VxH=jwesE
VxE=—jousH.
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2D TM Mode

ox(X)
Se = |1 4+ — X s, =1 ; s, =1
Jwe |
KN 15.,, S- 0 0 s,y 0 0] s 0 0]
§ = 0 S8y ls. 0 =10 5, 0|=[0 5 0
0 0 Se8,8 7] 0 0 5., 0O 0 s,
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Maxwell’s Equations in the UPML Medium

. 0y (X) JH,  JH,
Jweg |1 + E.=——

Jwe Jx Jy
Jjweos,; E VxH
| o (x)] IE.
Jw[Lg 1 + ) H\.‘:_‘
Jwe dy
\——/
j WLOSyx H\'
, oy(x) JFE,
Jopo |14+ — H, = -
Jweg | 0x
N ——  —

Jwosyy, H,
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Discretization

: [ G.X-(X)] (3H1.- 8Hr)
jweg |1+ E. = — —

jwey | ox dy
. dH,  J0H,
JweoE; + o0, (x)E; = —
ox ay
Jé. _ a#,  dH,
Inverse transform — €0 + o, (x) €, = — —
dt ox Jy
Avg. to get value at n—l—%
n+l  n n+l n X
z _%Z ((_gz +%z
i,/ i,] iJ i,
€0 +
At < 2
n+1/2 n+1/2 n+1/2 n+1/2
o ey T iy T g T g
Ax Ay
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Update Equations

GLEJ')
RS [ 2¢) — At oy, o
o i 2¢0 + Ata)‘-!i] . ij
n+1/2 n+1/2 n+1/2 n+1/2
2At o 12 Uliciy - 42 i
2€g + Aro'xL_ Ax Ay
Gali)
Fi(i+1/2)
2 [ 2€) — Araxhw \% n—1/2
4 i+1/2,] 2€0 + Arax|f.+1/2] g i+1/2,j
Fa(i+1/2)
P A <[ |" g
b 2e0 At “ f+1u'_%z i)
o | 2€p + Af G"'{:'+1/2] Ax
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Running Integral in Update Equations

—1
. ox(X) L
JwlLq 1 + ; Hx —
Jweg Jy
~ "
JoS . H,
, {aEZ oe(x) 1 aEZ]
JopugH, = — + . :
ay € jw Ay

d9(y d€.  oy(x) f L€,
L0 = — — dt.
at oy € Jo 9y

n+1/2 n—1/2 n

X —dly %z - %z o { n %z _%z
i, j+1/2 i j+1/2 ij+l1 N X Z ij+1 L]
H At Ay €0 5 Ay
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Update Equations

n+1/2

n

It =
i,j+1/2

n—1/2 JAVA _
| e e

X
ij+1/2 oAy i, j+1

n
n n—I1

ij12 =Lyt [%z

i, j+1
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Corner

_ [1 n Ux(x)] : 5 = [l 4 Gl(y)] :

) .
Jweq

o.(x o oH, 0H,
o 1+ 5] [} 0] _ (30005
Jx 0y

JWEQ J W€
_;in'::;—ZZEZ v:H
—1
o (X o.(y oFE.
o [1+ X )} [1+ __1(.,)] L
Jjweg Jjweg Jy
.jwﬂﬂ:'_.r]Hr
_] .
o, (X o, (V oF.
o [1+ X )} [1+ 4,)} Y
Jweg Jweg | 0x

Jwos,, H,
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Ampere’s Law

(0H, 0H,
9y 0z s ls s, 0 0 1 [E,
dH,  JIH; . N L
— = Jwe 0 SyS. S, 0 E,
0z X ' 1 X
9H., OH, 0 0 SySys | LEZ
| Ox B dy |
Oy o o
Sy = Ky + = ; Sy = Ky + — X Sy = Kz + — :
Jweg | : Jweg Jweg
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Auxiliary Fields

D.=e—FE, ; D, =e—FE, ; D.=e€e—E,
S‘. .l S__l,} S~
0 H. dH, |
Jy 0z - 9N -
‘ 0 0 D,
9H, oH.| . |7 |
Py =jo |0 s, 0] D,
- Y
aHV 8H\ ‘0 0 Sx- -DZ-
| X A
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Update Equations

- — K‘r’ _'JQ.D_Y
a0y Jz T 0 €0
9 ﬂ—|—1 2'60}(1 - O"‘;At 9 n
f = - - )
: i+1/2. ).k 2epk, + 0, At y i+1/2,j.k
n+1/2 K[

N 2¢9 At d It
2epk, + 0, At ay

n+1/2
i+1/2,.j.k 0z li4+1/2,j.k
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Auxiliary Fields to Physical Fields

DI — E_HE_T %" ‘SIDI — 'E SzEx

o o
(Kx"' — )szé (*‘Q"" ; )Ex
J@WEQ J@WEQ
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Update Equations

Ky > + . Y, =€ |k,— + U—%_\. i
ot €0 ot €0

n

_ n+1 26 K-r - G7AZ _
€, S i Sl KN
i+1/2, ).k 2€0k, + 0. At i+1/2. ).k
1 /2¢pk + o, At n+l 1 /2¢pk, — o, At n
4— 0Rx X @x _ ORx X @Y‘
€ \ 2¢€p0k, + 0, At i+1/2.j.k € \ 2€0k, + 0, At i+1/2, .k

87



Update Equations

9

n+1/2 ek, — o, At n—1/2 2eg At
93,\ _ 0y ¥ %\‘ + 0
ij+1/2.k+1/2 2e0ky, + 0, At L j+1/2k+1/2 0\ 260Ky, + 0, At

n n n n

i j+1.k+1/2 Lik+1/2 2k i /20k
Ay Az
S.\‘B\ — MSZH\‘
o o,
Ky + B\ = K; + H\
Jweq JWeQ
OB Oy REL 0.
Inverse Transform — Ky - —\?}3\ = [KZ - _%x]
d €0 €0
n+1/2 2€p0k, — 0, AT ” n—1/2 1 [ 2€pk, + oy AT
sk \2epk. + oAt ) k2 \ 2e0ks + 0. At
n+1/2 1 /2epk, — o, At n—1/2
% %T 0 Ok x X ?]3\ .
LjH1/2.k41/2 o\ 2€0k; + 0, AT i j+1/2,k+1/2
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Propagating vs Evanescent Waves

Grenzfliche

\

gebengte Welle

\

evancscoente Welle
{der totalreflekticrte Antell wurde
wicht dargestelit)
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CFS-PML

Jwe — o + Jwe

strictly causal
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Analytical Continuation
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SC-PML

real x contour

original oscillating solution

1
0.5 05 [\
x ]
g O 5 0
- >
L]
-0.5 -0.5 U U v
-1 -1
0 2 4 6 8 10 0 2 4 6 8 10
Re x Re x
deformed x contour solution on deformed contour
1 r r 1 . ’
absorbing region
0.5 05
» / §
E 0 absorbing region g 0
-0.5 -0.5
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Stretched Coordinates

_ | 0H. 1 0H,
Jwek, +0E, = —.
Sy dy s- 0z
Oj
S = | I -
JWE)

93



CPML

O
Si = Kj + ;
o + Jweg
J€ . _0dt,
X — *
e~ toé =5, 3y
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Impulse Response

5;(f) the inverse Laplace transform of the inverse of the stretching parameter, s,(w)~!

[ Ct!'

]

0O ) 0 (248)

—u(t)

Ki €0k

5(1)

Ki

Et’(t) —

[

+ &i(1)

J€ _ 1 99, 1 99t d (. ddt,
+ 0%, = ——t — —— L () — L) % ——
Ky Oy K- 0Z ' dy 0z
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Discrete Impulse Response

Zo.(m)

(m+1)At
/ Ci(t)dr

n At

(m+1)At _ .
O; N ) B
— / e (60K5+€0)Td-g
I

2
€E0K; JmAt

[

g . mAt
— af-e(ff:' —I—a,) ( €0 )

a; _
! (6—(Uf/Kf+(If)(Af/GGJ . 1) _

a!-' — 2
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Discretization

o n+l o |n n+l qn
& 12 k_%x 1/2.).k & 12 A+%’Y 1/2.).k
*"+ s '1 *;—Jf_ ] ', f+ ] .ﬂ C *"—'— s '1
€€ /JAI /2.] +o /12 /2,]
n+1/2 n+1/2 n+1/2 n+1/2
z —dLiz V - V
. i+1/2,j+1/2.k i+1/2,j—1/2.k Cli1/2, 7. k+1)/2 Cli1/2, k172
Ky Ay K:Az
n—m-+1/2 n—m+41/2
N—1 ¥ —H.
i+1/2,j+1/2.k i+1/2,j—1/2.k
+ E Zy,(m)
Ay
m=0 v

n—m+1/2 n—m+1/2

i+1/2,j.k+1/2
Az

s

N—1 ¥,
— Z Zo,(m)
0

m=

s

1
i+1/2,j,k—=1/2
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Auxiliary Variable

n+1 L o n+l o n
alF 12'k_%x" 1/2..k %‘ 12'A+%x' 1/2,j.k
€ €0 i+1/2, ], i+1/2,], i i+1/2,], i+1/2,],
At 2
n+1/2 n+1/2 n+1/2 n+1/2
T limpgaee o liva—12k v a2 Vlivt2, k=172
Ky Ay K:Az
n+1/2 n+1/2
+ Wexu —Wex,z|. )
i+1/2. ).k i+1/2,).k
where the v/, terms are given by
n+1/2 n+1/2
n+1/2 n—1/2 %Z Tohz
b i+1/2,j+1/2.k i+1/2.j—1/2.k
1pe.\‘, y = Uy wex, y y
“lit1/2, ).k : “lit1/2, ).k g Ay
n+1/2 n+1/2
n+1/2 n—1/2 %“' Iy
B “lit1/2..k+1/2 “it1/2.j. k=12
Vex .z = b:VYex - +a:
i+1/2,).k i+1/2,j.k Az

and the constants b; are given by:

b, = e—(cr,-/quroz,- )(A:/éo).
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Vectorization

Scalar Vectorized

n

(operation| loperation|

NI
VY VY VY

Time
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CPML Advantages

» Boundaries can be placed closer to sources
» Independent of medium
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PML Limitations

» Discretization and numerical reflections
» Angle-dependent absorption
* Inhomogeneous media where PML fails
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Stretched Coordinates

ne

o

Physical domain

111
il !lll ||
It ¢

5

o

—

0.

(6]

r'=f([)

N7

5.

Computational domain

w/ |l D
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PMLs

Original: qu_l VXE—wz cE = —ia).]

Original eq.

— ] 2= .
UPML: — = —lw
V x M VXE - w” & E fw] Different materials

r Sy SZ h - Sy SZ h
- 0 0 ) 0 0
Sy Sx
o 5> Sy _ Sz Sy
o, =p 0 5 0], e5=¢ 0 5 0
Sx Sy Sy 8§y
0 0 — 0 0
‘SZ’. S
SC-PML: V, Xj,t_l V,xE — W eE=—-iw J NOT original eq.
0 0 0
V, =X +y +Z

Sy OX sy 0y s, 02

A
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